Microfiltration and ultrafiltration are methods of removing colloidal impurities from water and wastewater. One of the major issues when dealing with the practical implementation of membranes is the reduction of water productivity as the foulants accumulate on the membrane surface or within the pores. Membrane regeneration by periodic backwashing is an effective method of reducing fouling; however, to date the timing and duration of the backwashing for effective fouling control is largely only empirically determined.
Introduction
Dead-end microfiltration (MF) and ultrafiltration (UF) are used in a variety of industrial and municipal settings as efficient and practical methods for removing turbidity, microorganisms, and other colloidal pollutants (1) (2) (3) . During bacterial filtration, accumulation of microorganisms on the MF/UF membrane surface or within its porous matrix causes fouling (4, 5) . In most environmental applications, the flow is periodically reversed, in the time frame of tens of minutes, to control what is operationally termed "reversible fouling" (6, 7) . This procedure, variably referred to as backwashing, backflushing, or backpulsing removes a fraction of the accumulated foulant thereby partially regenerating the filter in the short-term (8) (9) (10) (11) (12) . The complementary portion of foulants that is not removed by backwashing contributes to irreversible fouling in the long-term (13) (14) (15) . Such foulants are removed by chemical cleaning when productivity drops below a predetermined acceptable level, which is performed typically over a time frame of weeks or months. In practice, the timing and duration of the backwashing cycles is determined empirically -often using proprietary scheduling algorithms developed by the manufacturer. Input is also provided by consulting engineers when on-site pilot-scale testing is performed in support of plant design or to comply with regulations (1) .
Since the permeate water is used to flush the filter, frequent backwashing will decrease the net yield of filtered water. Therefore, one aim is to backwash as little as possible. However, when microfiltering bacteria, there is an additional difficulty if the backwashing cycles are too far apart, namely, the formation of a thick cake of irreversibly attached microorganisms on the filter in the form of a biofilm (16, 17) . Although earlier work has demonstrated the effectiveness of backwashing to control fouling during filtration of colloids, bacteria, and natural water e.g. (6, 7, 12, 15) , in general, there is a lesser degree of understanding regarding the development, prevention, and optimal removal of biofilms formed on MF/UF membranes (18) . The aim of this manuscript is to extend our previous results to rigorously include the effects of biofilm formation on modeling the dynamics and optimal control of the filtration/regeneration process from a more basic standpoint.
Extracellular polymeric substances (EPS) fouling of membranes is a substantially complex phenomenon since flux decline is dependent on (i) the total concentration, conformation, and composition of each of its individual components including polysaccharides, proteins, lipids as well as nucleic, humic, and uronic acids, (ii) its spatial distribution within a multi-species biofilm, (iii) its interactions with other foulants present in the feed water, including microorganisms, and (iv) its propensity and ability to allow bacterial colonization of membrane surfaces (5, 16, 18, 19) . EPS fouling mechanisms elucidated using simplistic model solutions (20, 21) may not apply to fouling in the simultaneous presence of other non-EPS foulants and in a complex EPS mixture due to differences in the cake layer morphology/permeability caused by variations in foulant transport and interactions with membrane surfaces (22) . Similarly, insights gained from biofouling experiments with single bacterial species (16, 23) also cannot be easily extrapolated to a more realistic scenario of fouling caused by multiple bacterial species due to differences in the rate of EPS secretion, the composition of EPS, and consequently its specific interactions with the membrane surface.
The main determining factor for the development of irreversibly attached bacteria is the formation of a biofilm. Biofilms consists of microorganisms enmeshed in EPS along with other particulate matter within the bulk water (24, 25) . EPS facilitates cohesion and adhesion, hydration, and protection of the embedded microbes from predators. Biofilm dynamics have been widely studied because of their impact in disease transmission, corrosive properties, and most importantly their tolerance to disinfection (26) . These investigations have shown that it is very difficult to remove an established biofilm using physical or chemical means. Typically, the biofilm typically grows back in a short time once the challenge to the bacteria (antibiotics, biocides, or mechanical scraping) is stopped. Therefore it is vital to prevent the biofilm formation rather than try and treat the established biofilm (18) . Consequently, we have proposed to time backwashes before 'significant amounts' of EPS are secreted and bacteria are irreversibly attached to membrane surfaces (16, 17, 27, 28) . More importantly, we show here that the timing can be estimated using an optimal control formulation.
We note that mathematical treatment of membrane fouling has a relatively long history (29) . One frequent approach consists of empirically driven, blocking-laws that describes the dynamics of the volume of filtered water as the flux or pressure changes (30, 31) . The goals of these models are to estimate the power law relationship based on experimental observations and thus to diagnose the fouling regime. This is useful in industrial and municipal settings by troubleshooting fouling and helping point to intuitive changes in the filtration regime. However, these models cannot typically be used to predict the fouling behavior for a wider range of settings and are not sim-ple to use for mathematical optimization. Recently, we introduced a more rigorous model that describes the change in flux with respect to time, accounting for the reduced flux due to foulant accumulation during constant pressure filtration (32) . This model can also be adjusted to describe the change in the pressure during constant flux operation (27) . The former is more often used in laboratory/bench models while the latter is more often used in practical applications. Using optimal control theory, we were able to propose the backwashing protocol that optimizes the total volume of clean water which is the main control target used in industry (28) . This model captures the experimental data quite well; however, we neglected irreversible attachment, assuming that backwashing was able to remove all of the accumulated foulant, regardless of its residence time on the membrane. In the present study, we demonstrate the effect of irreversible attachment on the optimal control analysis of our model.
Previously, we described the fouling and regeneration process as a twostep process, controlled by a control variable u which denotes the direction of the flow. The flow changes direction during backpulsing so u = u(t) is an explicit function of time (28) . Forward filtration is represented by u = 1, while flow reversal was described by u = −1. In constant pressure operation, accumulation occurs during forward filtration at a rate proportional to the flux, which is proportional to the transmembrane pressure drop. The proportionality parameter is the inverse of resistances (resistance in series model) which is related to the foulant on the filter. In regeneration, we assumed that foulant was removed from the filter at a rate proportional to the flux, and that this proportionality was constant. Constant flux operation is represented similarly, with the pressure related to the flux by inverting the resistance in series relation. Here extend our analysis to include irreversible attachment of bacteria by way of EPS formation. EPS affects the system in two primary ways. First, accumulation of EPS on the membrane filter reduces the flux of fluid through the filter by increasing the total resistance to water transport. Second, EPS immobilizes the bacteria and other foulants onto the filter, hindering detachment during flow reversal. Therefore, we also need a description of EPS production. In the next section, we describe the experimental protocol that we use to determine the EPS dynamics that are additional in this study. We then introduce our mathematical model and the framework of optimal control. Following that we describe the implications of EPS formation. We compare our optimal control trajectories with those where regeneration is independent of EPS. When the EPS affects the flux (which it almost surely does) the optimal solution is similarly distinct. Finally, we close the manuscript with some remarks regarding directions that remain to be explored.
Mathematical model
Based on our previous study (28) the filtration and regeneration processes are initially described separately. During the forward filtration process, the accumulation of bacteria, B is proportional to the raw water flux through the membrane, J:
where K is a constant that describes the water quality. Very high K indicates rapid fouling, e.g. induced by poor water quality. If we assume the filter is initially clear of bacterial foulants, we have an initial condition:
The flux, J, is assumed to be proportional to the pressure differential ∆P and inversely proportional to the resistance on the membrane. This is similar to the empirical descriptions developed by others (33) . Here, three kinds of resistance are considered: R m , the resistance generated by clean membrane; R b , the resistance generated by bacteria; and R e resistance from EPS (denoted E). The flux is:
where µ is absolute viscosity of the solution that scales the flux/pressure gradient relationship. The clean membrane resistance, R m is assumed to be a constant describing the intrinsic membrane resistance, while the the resistances due to bacteria and EPS are assumed to be proportional to the amount of bacteria and EPS on the filter, respectively,
Biofilms are formed by almost any bacteria that binds to a surface and begins to produce EPS and become irreversibly attached. In order to account for EPS production but maintain a tractable model, we take the simplest possible model for EPS production where EPS is produced at a rate that is proportional to the density of bound bacteria on the surface while there is simultaneous degradation or decay of EPS:
where m represents the EPS increasing rate and δ is the EPS degradation rate and we have again assumed the membrane is initially clear of foulants. We note that this is a nutrient-independent model that is consistent with other formulations of EPS dynamical models (34) .
In the backwashing process, accumulated foulant on the filter is removed at a rate proportional to the flux through the membrane:
The initial condition for this equation depends on how long the filter has been operated in forward mode. That is, we regenerate only when there has been some accumulation of foulant on the filter. In our previous study (28) , the proportionality relation,K, was assumed to be constant. To describe the impact of EPS formation, here we assume thatK is a decreasing function of E:
Where c is a regularization parameter that scales the regeneration rate of the filter in the absence of EPS and α is a scaling factor governing the rate of decrease inK. This change substantially alters the analysis. Since the backwashing timing depends explicitly on EPS which in turn depends on the bacterial accumulation, the backwashing depends on the duration of the forward cycle. This implicit dependence between the forward and backwashing cycle makes the analysis more complicated.
It is important to note that we are assuming that the feed water contains only a single species of bacteria -this is clearly an oversimplification; however, this is quite typical in biofilm models. It is relatively straightforward to include the affects of multiple species by compartmentalizing the bacteria into separate species (35) . This would allow for more detailed modeling of the growth kinetics which are intimately coupled with the EPS production.
Materials and Methods
Previously, we described how we estimated parameters associated with foulant accumulation, fouling efficiency and membrane resistances. To include the effect of EPS, we need additional parameter estimation. In particular, we require estimates for the kinetics of EPS production, m and δ. EPS affects the system through the membrane resistance, R e , which requires an estimate of µ 2 . We base our estimates on previous experiments (16).
Experimental Work
Bacterial growth, EPS extraction, protein and polysaccharide measurements:
Planktonic cultures ofBrevundimonas diminuta (American Type Culture Collection (ATCC) 19146) was freshly grown aerobically at 30
• C before each experiment in nutrient broth (Difco). This organism was chosen since it is employed to evaluate the retention characteristics of membranes rated at 0.2 µm (36). After 36 hours (approximately at end of exponential phase), the suspension was centrifuged (5000 g for 15 min at 4
• C) to collect the bacterial pellet, which was washed twice with phosphate-buffered saline solution (PBS). Bacteria were resuspended in PBS at a concentration ∼ 10 8 CFU/mL. EPS was extracted using methods reported in the literature e.g. (16, 24, 37) . First, free-EPS and any residual growth media were separated from bacterial cells by centrifuging 60 mL of culture (5000g, 15 min, 4
• C). Next bound-EPS was extracted by (i) resuspending and washing the pellet formed in the first step using isotonic buffer (10 mM Tris/HCl pH 8.0, 10 mM EDTA, 2.5% NaCl), (ii) employing another centrifugation step (5000g, 15 min, 4
• C) for further cell purification, (iii) again resuspending the bacterial pellet in buffer, incubating it overnight at 4
• C, and then vigorously vortexing for 5 minutes, and (iv) recovering EPS bound to cell surfaces as the supernatant by centrifugation. Any residual bacterial debris was further separated from supernatant solutions representing free-EPS and bound-EPS by centrifuging (12000g, 30 min, 4
• C) and precipitating with 3 volumes of ice-cold 99.5% ethanol and incubation at -20
• C for ∼18h. Following incubation, suspensions were again centrifuged (12000g, 30 min, 4
• C) to recover the precipitated "free" and "bound" EPS from suspensions. Solutions were dialyzed for 72 h against three changes of nanopure water per day and stored at -20C before analysis. The modified Lowry assay (Pierce Biotechnology) was used to measure total proteins. Absorbance at 750 nm was measured using a UV-VIS spectrometer (DR4000, Hach) after calibration with bovine serum albumin (BSA) standards. Total polysaccharides were also measured colorimetrically using the phenol-sulfuric acid method against glucose standards. Results shown in this manuscript correspond to three replicates.
Atomic Force Microscopy:
An atomic force microscope (Nanoscope IV, Digital Instruments, Santa Barbara, CA) was used to visualize EPS production (see Figure 1) . 100 µL samples containing bacteria and growth medium were deposited on the surface of an atomically smooth substrate (highly ordered pyrolytic graphite) and air-dried. Images were obtained in the tapping mode under ambient conditions in air using oxide-sharpened microfabricated Si3N4 cantilevers obtained from Park Scientific Instruments (Mountain View, CA, USA) and analyzed using WSxM v4.0 Beta 8.2 (38) .
Microfiltration:
The resistance of the clean membrane was measured first using PBS in the range 3 -15 psig (21 -103 kPa). Next, bacteria harvested during early stationary phase, suspended in PBS were microfiltered in the unstirred deadend mode using a 4.1 cm 2 effective area commercial cell (model 8010, Millipore). 0.2 µm track-etched membranes were employed because they possess a narrow pore size distribution and will retain B. diminuta on their surface by definition, thereby restricting internal pore fouling. After microfiltering approximately 10 11 CFU/m 2 the membrane was removed from the cell and kept hydrated in Petri dishes by periodically adding a few drops of nanopure water. After predetermined time intervals (i.e. 0, 1, 2, and 5 days), the filter was removed from the Petri dish and rinsed with ∼ 25 mL of nanopure water in a squeeze bottle to mimic backwashing (5, 16) . After the simulated backwashes, the membrane resistance was again determined using PBS in the same pressure range (i.e. 21 -103 kPa). Note that the extended duration of bacterial contact with the membrane allowed the establishment of a stronger attachement between EPS production and backwashing. Parameter Estimation:
To obtain estimates of the kinetic parameters m and δ, we use a simple model of bacterial growth in conjunction with our EPS model. Specifically, we assume that the bacterial dynamics in the experiments described in this section are well described by Michaelis-Menten kinetics (39) . At the same time, EPS is produced according to Equation 6 . The governing equations are,
where S, k s , Y , and µ denote the substrate concentration, half-saturation coefficient, yield, and maximal growth rate, respectively. Using Matlab's fminsearch, we perform an optimization procedure to obtain a best fit estimate for the free parameters. The final comparison between the growth curves and the EPS densities are shown in Figure 2 . Note that we are using optical density (OD) as a dimensionless measure of bacterial density. Therefore, we can scale the EPS production for the filtration process. It is emphasized that Figure 2 depicts EPS production by planktonic bacteria. Hence, data shown in Figure 2 should be cautiously extrapolated to sessile biofilms such as those formed on membrane surfaces.
We note that our fit is reasonably accurate, but even more importantly the qualitative predictions (e.g. the relationships between timing for the predictions estimated below) do not depend on precise estimates. Instead, we are finding reasonable estimates for the parameters based on these fits.
The final two parameters that need attention are c and α. The former is assumed to yield the regeneration efficiency in the absence of EPS so that 1 c =K in (28) , giving an estimate of c = 100 Lm −2 . We do not have data to support the specific value of α. Here we pick a value that is consistent with the time-scale of the decay in removal due to irreversible attachment, but do not claim that this is quantitatively exact -rather, we only claim that the general trend is correct.
Optimal Control Analysis
The main idea in optimal control is to determine the value of a control function that maximize or minimizes a target function. Optimal control is often thought of as an extension of the standard optimization of a function by determining where the derivative is zero. In fact, the method that we use is very similar to constrained optimization where the goal is to maximize or minimize a function subject to a constraint on the independent variable. These problems are typically solved using Lagrange multipliers where the geometric relationship between the function that is being optimized and the constraint is determined (in particular, the gradients point in the same direction). Here the constraints are the differential equations and the goal is to maximize the Lagrangian (the total volume filtered) but the methods that we use are similar in spirit.
To develop an optimal control problem, we introduce a control factor to u describe the switching from forward filtration to backwashing. Forward filtration is represented by u = 1 while backwashing is indicated by u = −1. In this way, Equations 1 and 7 can be combined:
In our previous study we were able to manage the optimal control problem essentially analytically (28) . Here, even though we can formulate the statements implicitly, there does not seem to be a generic way to find the explicit solution. Therefore, we will state the general case and in three sub-cases describe the particular forms and solutions.
The goal of this analysis is to determine the time course of forward filtration and membrane regeneration by determining the u(t) that maximizes the volume of filtered water over the course of filtration. We note that for a physical solution, u must be a piecewise constant. Since clean water is used to regenerate the membrane, we need to determine the total water that is fed through the membrane during forward filtration (when u = 1) minus the water fed through the membrane in the opposite direction during regenera-tion (when u = −1). During the time period [0, T total ], the total amount of clean water obtained is:
since u controls the direction of the flow. We are assuming a unit area for the membrane, and using unit scaling for the flux. By Pontryagin's maximum principle, if u * (t) and B * (t) denote the optimal solutions, then there is exists a piecewise differentiable adjoint function λ(t) such that the Hamiltionian satisfies the optimality condition, H(t, B * (t), u(t), λ(t)) ≤ H(t, B * (t), u * (t), λ(t)). In our case, the Hamiltonian is defined as
where
Pontryagin's principle argues that at the optimal control value, u * ,
Since the Hamiltonian is linear control, we refer to this optimal control problem as a bang-bang control with singular state (that is, it is possible that u * is not one of the physically allowable values of the control function) (40) . We can define the optimal control as,
the switches coincide with the place where Ω switches signs (i.e. at singular state). According to the Hamiltonian, we have,
The details of the switch timing, and filtration behavior depend on the solution to the dynamic equations. Intuitively, if backwashing is done infrequently there is a build-up of irreversible attachment but if it is done too frequently the clean water is used in excess. The basic idea is to begin with a clean filter and begin forward cycling (i.e. u * = 1) until the system is guided to Ω = 0. At that point, if the control were continuous, one would keep the system at the optimal control value. Since u * is required to be either 1 or -1 (based on the filtration design), we have to do something different. By alternating between forward cycling and backwashing at the appropriate timing and duration, we are able to keep the system near u * on average. As the number of cycles increases in a fixed period of time, we get closer and closer to the optimal solution. We note that we have used exactly this methodology in the absence of EPS dynamics previously (28) . We refer to this as approximation with a bang-bang control.
Therefore, we must first determine the theoretical optimal control value u * , then we decompose the total filtration time, T into n sub-intervals where a periodic cycling is performed. The cycling time, T n is the sum of the forward and backwards cycling: T n = T f orward + T backward . During each of the cycles we keep the average behavior equal to the control value:
Note that the left side of this is equal to 1 if the filter is run constantly in forward operation, and -1 if it is constantly regenerating the filter. Additionally 0 ≤ u * ≤ 1 as required. To determine the singular control value u * , we split our analysis into several simplifying cases. We begin by neglecting the effect of EPS on the flux and removal constant. We then consider the case when the removal constant alone depends on EPS and finally allow both the removal constant and the flux to depend on EPS. We note that we use Matlab's ODE45 suite that employs a fourth order Runga-Kutta method to solve the ODE's numerically.
Case 1: Effects of neglecting EPS on the flux andK
This case is equivalent to the case that we considered in our previous study, but we state it here for comparison with the other cases.
We set µ 2 = 0 in Equation 5 which simplifies the flux,
Additionally, we set α = 0 in Equation 8, so thatK is a constant. In this case, the switching curve, Ω is given by:
where λ is the solution to the adjoint equation.
It is simple to see that u * =
BK−K BK+K
(since we require B to be at a steadystate in order to remain on the switching curve), although we do not have an explicit expression for the solution, B. For the parameter values in Table  1 , u * ≈ 0.16. In Figure 3 we show the total volume filtered as a function of time, for various bang-bang approximations to the optimal control (with optimal solution shown for comparison). As the frequency of alternating increases, the total volume that is filtered approaches the optimal.
Case 2:K depends on EPS
Here we assume that α is not zero while µ 2 = 0. Therefore the EPS only alters the reversion, but not the flux. We find that the optimal value of u is
Again, we see that −1 ≤ u * ≤ 1 so we will approximate this with a bang-bang approach. From the parameters here, we find that u * ≈ 0.17. In Figure 4 we show the filtered volume curves.In Case 1 the total volume filtered after 1 hours is 0.83 L/m 2 while for Case 2 it is 0.35 L/m 2 , which is a modest decline. This is different than in Case 3 where we also consider the effect of the EPS on the fouling process.
Case 3: R e andK depend on EPS
The optimal value of the control parameter u is the same as in Case 2. However, the value that we obtain after determining the values of B(t) and E(t) is quite different: u * ≈ 0.31 indicating that we need to refrain from reversing the flow for a bit longer than when fouling due to EPS is neglected. However, there is a clear reduction in the volume filtered due to the presence of the EPS. The total volume that is filtered in the 1 hours is 0.22 L/m 2 . It is notable that the curves that approach the optimal value do so at different 'rates' (meaning as the number of cycles increase) fro each of the three cases. This implies that as the effect of EPS is included it becomes more difficult to attain the theoretical optimal. In order to achieve the theoretical Table 1 : Description of variables and parameters used in this study. The parameters are similar to those used in our previous study. The parameter c is used so thatK for a clean filter is the same as in (28) . All the qualitative statements are carried over from (28) for broad ranges of parameters.
optimal, the backwashing needs to be performed quickly, which is consistent with various observations regarding the rate of cycling (41, 42).
Conclusions
The aim of this study was two-fold. First, we show that our optimal control methodology can be adapted to more complicated systems, where analytic methods fail. Second, we can show quantitive differences between the predicted optimal control strategies and the subsequent recovered volume. For the first aspect, the main difference is the numerical solutions of the state and adjoint equations rather than analytic solutions to the ODE's. Any methodology that provides an approximate of the time-course will suffice. For the second, we see that as the various aspects of fouling are considered, the total volume that can be filtered decreases. The fouling is determined primarily by the accumulation on the membrane. This is relatively expected -what is not expected is how the anticipate the change in the control strategy. Our quantitative estimates indicate that it is the fouling of the filter by EPS rather than the irreversibility of the attachment that leads the decline in flux. Additionally, the change in control strategy is not as straightforward as one might have supposed. In particular, intuitively one might expect that to control the EPS fouling, we should reverse the flow earlier. Here we find the reverse. It is possible that a more detailed model of EPS dynamics (including considering EPS production by bacteria attached to membrane surfaces) needs to be considered -and that is one direction we aim to proceed.
Additionally, it is known that EPS is not the only constituent responsible for irreversible attachment. Natural organic matter (NOM) and cake development play a significant role in flux decline as well as irreversible attachment (43, 44) . The methodology described here can be extended to address this by including more detailed modeling of both the attachment process since NOM attachment is heavily dependent on the hydrophobicity, solution chemistry and feed water properties. We have also simplified the biofilm/gel/cake dynamics -and these play a significant role in the flux decline as well as irreversibility. In general, however, we have developed a flexible method for implementing a wide variety of physical and biological processes while still maintaining a predictive framework. Figure 1 : Atomic force microscopy provided visual confirmation of EPS expression. The beginnings of a thin slime-like EPS layer can be seen after 1-day, which increased substantially for the 2-day and 5-day samples. These micrographs corroborate increasing EPS secretion measured colorimetrically and also provide qualitative evidence that B. diminuta cells remained intact (insignificant lysis) over the duration of the experiments indicating that intracellular material did not contaminate EPS polysaccharides and proteins measurements. 
